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Field-theoretical calculations predict that, at the upper critical dimension d. = 4, the finite-size scaling (FSS)
behaviors of the Ising model would be modified by multiplicative logarithmic corrections with thermal and
magnetic correction exponents (¥, ,) = (1/6, 1/4). Using high-efficient cluster algorithms and the lifted worm
algorithm, we present a systematic study to the FSS of the four-dimensional Ising model at criticality in the
Fortuin-Kasteleyn (FK) bond and loop representations. In the FK representation, the size of the largest cluster is
observed to scale as C; ~ L3(In L)", while the size of the second-largest cluster scales as C; ~ L*(In L) with
Y2 = —1/4 anew correction exponent not yet predicted from field theory. In the loop representation, we observe
that the size of the largest loop cluster scales as F; ~ L?>(InL)", and the specific heat scales as ¢; ~ (In L)*".
This clarifies the long-standing open question that whether the specific heat for the critical Ising model at d. = 4

diverges logarithmically.

DOI: 10.1103/PhysRevE.110.064139

I. INTRODUCTION

The Ising model is one of the most fundamental models
in statistical physics and plays a crucial role in facilitating
the comprehensive analysis of phase transitions and critical
phenomena [1]. For a lattice G = (V, E) with the vertex set V
and edge set E, the Hamiltonian of the Ising model reads

H(s):—JZsi~sj +h2si, (1)
ijeE i

where s; € {—1, 41} denotes the spin on the ith vertex and the
summation runs over all edges on the lattice, & refers to the
external magnetic field, and J > 0 is the coupling strength.
The partition function is then given by Z = Y e #"®), Let
K := BJ be the reduced coupling strength. Hereinafter, we set
J =1 and focus on the zero-field case with 2 = 0 in this paper.
If the spin is extended to be an n-component vector with unit
length, then Eq. (1) is the Hamiltonian of the O(n) model [2],
where the case n = 1 is the Ising model.

In most cases, the Ising model cannot be exactly solved,
making the investigation of its critical behaviors heavily re-
liant on numerical methods on finite systems, such as Monte
Carlo (MC) simulations. To analyze the results, the finite-size
scaling (FSS) method is employed as a powerful method,
which describes the asymptotic approach of finite systems to
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the thermodynamic limit near a continuous phase transition
point K., to effectively estimate critical points and exponents
[3-6]. The main assumption of FSS is that the correlation
length is effectively truncated by the linear system size L, such
that the singular part of the free-energy density function for a
d-dimensional system can be written as

f(t, h)y =L~ f@L”, hL"), )

where ¢t = (K. — K)/K,. measures the distance from the criti-
cal point, y;, y, are the corresponding thermal and magnetic
renormalization group (RG) exponents, and f(-) is a scal-
ing function. The FSS behaviors of various macroscopic
quantities can be derived through the free-energy function
accordingly. For example, the magnetic susceptibility x and
the specific heat ¢, at the critical point and without the external
field scale as

82

e = ——at{ ~ L, 3)
82

X =— ahJ; ~ L2n=d 4)

Besides, the FSS theory also hypothesizes that at the critical
point, the spin-spin correlation function g(r, L) = (sosy) de-
cays with distance r as

g(r, L) = || 72“=g(|Ir|| /L), (5)

where 2(-) is a scaling function.

Above the upper critical dimension d > d. = 4, the scaling
behaviors of the Ising model are characterized by the RG
exponents given by mean-field theory [7], or, specifically,

©2024 American Physical Society


https://orcid.org/0009-0006-7167-766X
https://orcid.org/0009-0006-3297-7993
https://orcid.org/0000-0002-3519-1674
https://ror.org/04c4dkn09
https://ror.org/04c4dkn09
https://ror.org/02bfwt286
https://ror.org/022k4wk35
https://ror.org/04c4dkn09
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.110.064139&domain=pdf&date_stamp=2024-12-20
https://doi.org/10.1103/PhysRevE.110.064139

LI, XIAO, ZHOU, FANG, AND DENG

PHYSICAL REVIEW E 110, 064139 (2024)

by the Gaussian fixed point (GFP) as (y;, y,) = (2, 1 +d/2).
However, if one considers the system with periodic boundary
condition (PBC), such standard FSS breaks down [5,8,9].
For example, it is observed that y ~ L2 in the PBC case,
which is different from y ~ L2, as the standard FSS in Eq. (4)
predicts. Recent numerical and theoretical results suggest that
the scaling form of the free-energy function, as described by
Eq. (2), is conjectured to have an extended form as [10]

f@, by =L foeL, hLP") + L4 fi e LY hLYY),  (6)

where (v}, y;) = (d/2, 3d /4) are obtained from the exact cal-
culation of the complete-graph (CG) Ising model [11], which
can be seen as the application of the Landau mean-field theory
to finite systems [12]. The f; term, corresponding to the GFP
asymptotics, accounts for spatial fluctuations and governs the
FSS of distance-dependent observables. The f] term repre-
sents the CG asymptotics and governs the leading FSS of
various macroscopic observables, such as x and cg.

At d. = 4, the two sets of mean-field RG exponents co-
incide with each other, i.e., (y;, y») = (/, y}). Field theory
predicts that at the upper critical dimension, multiplica-
tive logarithmic corrections appear. For the O(n) model,
in the thermodynamic limit, when approaching the critical-
ity (t — 0), susceptibility and specific heat are predicted to
diverge as [13,14]

X(@) ~ [t (= In J¢])s, 7

ce(t) ~ (—In[¢])n, (8)

In terms of the FSS, the singular part of the finite-size
free-energy density involving the multiplicative logarithmic
corrections for the O(n) model is proposed as

f(t, h) =L~* (L (In L), hL”* (In L)), 9)

with §, = (4 —n)/(2n + 16), 9, = 1/4 [15-17]. The n =1
case, which is the Ising model, is studied in Ref. [18] where
31, ¥n) = (1/6, 1/4). Recently, as inspired from the high-
dimensional scaling form [Eq. (6)], the FSS of the free-energy
density at d. = 4 is conjectured in Ref. [19] as

fe.hy =L7* foeL" hL™)
+ LA (n LY, hL" (In L)), (10)
and the correlation function is conjectured as

el =2, el < O/(nL)*")
g(r, L) ~ ) . (D
L2(InL)?",  |r|| > O(L/(InL)*")

Compared with Eq. (9), the key feature in Egs. (10) and
(11) is the simultaneous existence of the GFP and the CG
(after modified with multiplicative logarithmic corrections)
asymptotics in the FSS formula of the free-energy density,
and the logarithmic corrections only apply to the CG term,
not to the GFP term. Accordingly, the leading FSS of various
macroscopic quantities suffer from logarithmic corrections,
while quantities purely controlled by the GFP, such as the
short-distance decay of g(r, L), are free from logarithmic
corrections. Specifically, for the four-dimensional (4D) Ising
model at the critical point, from Eqs. (10) and (11), one can
obtain the FSS behaviors for the following quantities:

(i) The specific heat ¢ ~ (In Ly¥r;

(ii) The magnetic susceptibility x ~ L*>(In L)>";

(iii) The magnetic fluctuations at k # O Fourier modes
xx ~ L?, since it is purely determined from the short-distance
behavior of g(r, L). Here yy is defined as xx = L™¢ (| My]),
where My =), see™®T represents the Fourier mode of
magnetization.

However, numerically verifying the logarithmic correc-
tions is a challenging task. Earlier in 1987, a logarithmic
scaling behavior of the specific heat was roughly observed
in the 4D Ising model from a Monte Carlo (MC) study in
Ref. [20]. However, since the simulated system size was not
large enough, the result was inconclusive. Recently, a system-
atic numerical study in Ref. [19] has been done to verify the
multiplicative logarithmic corrections described by Eqgs. (10)
and (11) in the 4D Ising, XY, and Heisenberg models, respec-
tively, corresponding to n = 1, 2, 3 case of the O(n) model.
The FSS behaviors of x, xx, and g(r, L) are observed to
be consistent with the predictions from Egs. (10) and (11),
providing strong evidence to the existence of the magnetic
correction exponent y,. However, the expected logarithmic
divergence of the specific heat has not been clearly observed in
Ref. [19]. Later on, in Ref. [21], the authors numerically stud-
ied the logarithmic FSS for the 4D self-avoiding walk (SAW)
model, which corresponds to the n — 0 case of the O(n)
model, and both the exponents ¥ = J;, = 1/4 were clearly
observed. So, it turns out that observing the thermal correction
exponent ¥, for the Ising model is much more challenging.
In fact, in Refs. [22,23], the authors suggest that the specific
heat of the Ising model is bounded, i.e., , = 0. Meanwhile,
a large-size simulation up to L = 1024 in Ref. [24] using
higher-order tensor RG method also fails to detect the mul-
tiplicative logarithmic correction in the specific heat.

Besides the conventional spin representation, the Ising
model can also be effectively described and analyzed using
two geometric representations: the Fortuin-Kasteleyn (FK)
bond representation and the loop representation [25,26],
which will be called the FK Ising model and the loop
Ising model. These representations are derived from cer-
tain expansions of the partition function, offering alternative
perspectives for studying the properties of the Ising model.
Specifically, the FK Ising model is the ¢ =2 case of the
general g-state random-cluster (RC) model. Given a graph G,
each edge of the graph is either occupied by a bond or not.
Then, the partition function of the g-state RC model is

Zrc =) WM, (12)
AcgG

where ), sums over all bond configurations, v is the
statistical weight of each occupied bond, k(A) is the number of
connected clusters on A, and |A| denotes the number of bonds
on A. For the ¢ = 2 case, the bond weight v = ¢?X — 1, where
K is the reduced coupling strength mentioned before.
Similarly, the loop Ising model is characterized by oc-
cupied bonds on edges. Yet, the configurations within this
representation are uniquely restricted to Eulerian graphs, also
known as even graphs, in which the number of incident occu-
pied bonds for any vertex is even. If one denotes even(G) as
the set of even subgraphs on G, the partition function of the
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loop Ising model is given by

ZLoop = Z wlF‘aFeeven(G)a (13)
FCG

where w = tanh K is the weight of each occupied bond and
the Kronecker delta function 8rccven() S€rves as an indica-
tor function that ensures that for any subgraph F' giving a
nonzero contribution to the partition function is an even graph.
Such representation is also called the random-current model,
random even graph or the flow representation of the Ising
model [27,28].

Recently, many numerical studies in Refs. [10,29-33] have
been conducted on the two geometric representations of the
Ising model above d. =4 and on the CG (which can be
regarded as the d — oo limit). Compared to the spin Ising
model, the FK and loop Ising models exhibit much richer geo-
metric properties, such as two length scales, two configuration
sectors, and two scaling windows. In particular, numerical
results strongly suggest there simultaneously exist two upper
critical dimensions (d. = 4, d, = 6) in the FK Ising model;
one can refer to Fig. 17 in Ref. [29] and Tabel I in Ref. [33] for
the summary of main results. Generally speaking, the scaling
behavior of the largest FK cluster and large loop clusters [size
> O(L?)] are controlled by the CG Ising asymptotics, while
other FK clusters and medium loop clusters [size < O(L?)]
are described by the GFP asymptotics. Moreover, a multi-
plicative logarithmic correction has been discovered in the
scaling of the second-largest FK cluster as C, ~ LY (In L)™!
for all d > 4, which has not been found by any theoretical
investigation.

Inspired by these insightful results, we systematically
explore the logarithmic corrections to various geometric quan-
tities of the 4D FK and loop Ising models with PBC, in
particular to check whether the thermal correction exponent ¥,
or the expected divergence of the specific heat can be clearly
observed in geometric representations. We use Wolff and
Swendsen-Wang algorithms to simulate the FK Ising model,
and the lifted worm algorithm to simulate the loop Ising
model. We study the scaling of the susceptibility x in the FK
and loop Ising models, and both suggest that x ~ L*(InL)'/?,
consistent to the theoretical prediction and previous numeri-
cal results in Ref. [19]. Moreover, we also observe that the
largest FK cluster C;, which is a magnetic quantity, scales as
L3(In L) with $, = 1/4. The sizes of loop clusters in the loop
Ising model are energylike quantities. Since it is conjectured
in Eq. (10) that the logarithmic corrections only apply to the
modified CG term and the large loop clusters are believed to
follow the CG-loop-Ising asymptotics, we hope the large loop
clusters suffer much less additive finite-size corrections from
the GFP term compared with energy quantities in the spin
Ising model. Indeed, our results suggest that the size of the
largest loop cluster scales as F; ~ L¥ (In L) with y, = 2 and
$ = 1/6. In addition, we study the variance of the number
of loop bonds cg, which is shown to exhibit the same leading
FSS as the spin specific heat, and our data strongly suggest
cs ~ (InL)¥. Thus, the long-standing subtle question on the
scaling of the specific heat of the spin Ising model is clarified
in the loop Ising model.

Additionally, we study the size of the second-largest cluster
C, in the FK Ising model and our data suggest that C, ~
L*(In L)~'/#, implying a new magnetic logarithmic correction
exponent V;» = —1/4, which has no theoretical prediction.
Therefore, even in terms of logarithmic corrections, the Ising
model under geometric representations also exhibit richer
phenomena than the spin Ising model.

The remainder of this paper is organized as follows. Sec-
tion II summarizes the details of the simulation and the
samples. Section III contains our main numerical results. A
discussion is given in Sec. I'V.

II. SIMULATION AND OBSERVABLE

In our study, we have performed simulations of the four-
dimensional Ising model with PBC employing a hybrid
approach that combines the Swendsen-Wang (SW) algorithm
[34] with the Wolff [35] algorithm at the critical point K, =
0.149 693 785(20) [22]. The SW algorithm is utilized to gen-
erate the FK cluster configurations, while the Wolff algorithm
is applied between consecutive SW steps to update the spin
configurations, since it is believed that the Wolff algorithm
has a smaller dynamic exponent than the SW algorithm [36].
In particular, we sample the following observables:

(i) The size of the largest cluster C; and the second-largest
cluster Cy;

(i) The second moment of cluster size S, = (D _; Ciz) JL*,
where C; is the size of the ith large cluster.

Meanwhile, we employ the lifted worm algorithm [37,38]
to generate the loop configuration and sample the following
observables in the loop representation:

(i) The size of the largest loop cluster F; and the second-
largest loop cluster J>;

(i) The total number of bonds B in loop clusters;

(iii) The returning time of each worm update 7,,, namely,
the Monte Carlo steps for generating a new loop configuration.

By taking the ensemble average (-) of these observables,
we calculate the following quantities:

(i) The mean size of the largest FK cluster C; = (C;) and
the second-largest FK cluster C, = (C,);

(ii)) The second moment of cluster size in the FK
representation S, = (S;);

(iii) The average number of bonds in the loop represen-
tation B = (B), an energylike quantity, and its variance ¢z =
L4 ((B% — (B)?), which we show is a linear function of the
specific heat c;

(iv) The average returning time T,, = (7,), which is
equivalent to the spin susceptibility x in the spin
representation [37];

(v) The mean size of the largest loop cluster F; = (F})
and the second-largest loop cluster F; = (F3).

For both the FK Ising and the loop Ising models, the largest
system size we simulate is Ly,.x = 96, containing about 108
lattice sites. Approximately, for each system size, the number
of independent samples are between 10° and 4 x 10°.

Here we employ a pseudorandom number generator based
on the modulo-2 addition of two independent shift registers
with lengths chosen as the Mersenne exponents 127 and 9689.
This generator is well tested in Ref. [39], and no biased error
has been found thus far.
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FIG. 1. (al) Log-log plot of the rescaled susceptibility ¥ := x/L? in the two geometric representations, namely, the second moment of
clusters’ size S, in the FK representation and the worm returning time 7,, in the loop representation, against In L /Ly, with the constant L, fixed
at 0.55. The nice data collapse onto the dashed line with slope 1/2 implies that x ~ L*(In L)'/, following the theoretical prediction. (a2) Plot
of %2 versus In L in the standard coordinate system. The obvious linearity further confirms the logarithmic FSS of x, but without the need to
fix Ly. (b1) Log-log plot of the rescaled largest cluster C, := C,/L? versus In L/Ly with Ly, = 0.55. The data clearly collapse onto a dashed
line with a slope of 1/4, implying the scaling C; ~ L3(InL)'/*. (b2) Plot of C} versus In L. The clear linear relation strongly supports the

aforementioned logarithmic scaling of C;.

III. RESULTS
A. Magnetic scaling behaviors

In this section, we first discuss the scaling behaviors of
some magnetic quantities in geometric representations. It can
be shown that both the second moment of sizes of all FK-
clusters S, and the returning time 7,, correspond to the spin
susceptibility x [37,40,41].

Since y, =3 in 4D, the leading power-law scaling of
X is expected to be L2. Therefore, to see whether there
are multiplicative corrections in the FSS of x, we study a
rescaled susceptibility ¥ := x/L*. In Fig. 1(al), we plot two
sets of ¥ from S, and T, respectively, versus In(L/Ly) in
log-log scale, where Lj is a nonuniversal constant and we
fix Ly = 0.55. One can see that, asymptotically, the data of
x collapse onto the dashed line with slope 1/2, suggesting
the scaling x ~ L*[In(L/Ly)]'/?. To remove the uncertain-
ties caused by the constant Ly, we plot ¥> against InL in
Fig. 1(a2). The good data collapse onto the straight line sug-
gests that x ~ L*(a; In L + a,)'/?, with some constants a; and
a,. Thus it confirms the expected scaling x ~ L?(In L)** with
n=1/4.

Next, we examine the effect of logarithmic corrections
on the size of clusters in the FK Ising model. It is expected
that the fractal dimension of the FK clusters is equal to the
magnetic exponent yj, as numerically observed above 4D
in Refs. [29,30]. Therefore, one can expect that at 4D, the
power-law scaling behavior of the FK clusters is dominated
by L7 with y, = 3. Likewise, we introduce the rescaled
cluster sizes C, :=C,/L*(n=1,2) for the largest and
second-largest clusters C; and C,. In Fig. 1(bl), we plot in
log-log scale C; versus In L/Ly with L fixed at 0.55. The data
collapse nicely onto a straight line with slope 1/4, indicating
that C; ~ L3 [ln(L/LO)]1/4. Similar to Fig. 1(a2), we plot C'f
against InL in Fig. 1(b2), to remove the uncertainty from

the constant Lj. Again, the nice linear relationship implies
that C; ~ L*(a; InL + a)'/*. So at 4D, our data suggest that
Ci ~ L(In L)’ with $;, = 1/4.

Then we investigate the scaling behavior of the second-
largest cluster C,. In the high-d FK Ising model (d >
4), a multiplicative logarithmic correction has been ob-
served for the second-largest cluster, which scales as C, ~
L'™4/2(In L)~ [29]. This indicates at 4D, the second-largest
cluster may exhibit different logarithmic corrections to the
largest cluster. Figure 2(top) plots C, versus In L /Ly in the log-
log scale, with L fixed at 1.73. As one can see, the correction
term decreases as the system size increases, which is totally
different from C; shown in Fig. 1(bl). The data collapse
onto the dashed line with slope —1/4 in the figure suggests
that C, ~ L*(In L)~"/*. Furthermore, we plot 1/C3 versus In L
in Fig. 2(bottom), and the data points collapse well onto a
straight line. This confirms the aforementioned scaling behav-
ior for 3, i.e., the logarithmic correction in C; is characterized
by a new exponent y;,, = —1/4. This finding is particularly
noteworthy as the logarithmic correction in C, that has not
been previously identified in either theoretical or numerical
studies at d. = 4. We note that this result is also different from
the high-d cases (d > d.), where $;, = —1.

B. Thermal scaling behaviors

In this section, we study the logarithmic corrections of
some thermal quantities. From the partition function of the
loop representation in Eq. (13), and the relation between the

specific heat and the partition function ¢ = K 2 23;2 InZ, we
can derive at criticality that
K2
Cg = — <
(sinh K, cosh K,.)?

where cp is the variance of the number of bonds and
a= —4[((,2 tanh? K. is a constant term. In other words,

s +a+ O™, (14)
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FIG. 2. (top) Log-log plot of the second largest FK cluster C, :=
C,/L? versus InL/Ly with Ly = 1.73. The data collapse onto a
dashed line with slope —1/4. (bottom) Plot of C;* as a function of
In L in the standard scale, highlighted by a dashed straight line. These
plots strongly suggest that the multiplicative logarithmic correction
for the second-largest FK cluster is dominated by (In L)~!/*.

asymptotically, in the loop Ising model, the specific heat c, is
proportional to the variance of bond number cg. It is predicted
from Eq. (10), that atd = 4,

e ~ ag + ai[In (L/Lo)]*", (15)

with §; = 1/6. To confirm this scaling numerically, we first
plot in Fig. 3(al) the data of ¢z versus In L/Lj in the log-log
plot, with Ly fixed at 1.44. The good data collapse onto the
dashed line with 1/3 suggests that c; ~ (InL/Lg)'/3. To

avoid the effect of fixing Ly to some constant, we plot cé
versus In L in Fig. 3(a2). The nice linear relationship provides
a strong evidence to support the scaling that ¢z ~ (InL)!/3.
Combining with Eq. (14), our data strongly suggest that at
the critical 4D Ising model, the specific heat diverges as in
Eq. (15). The difficulty in the previous analysis of the specific
heat in the spin representation might arise from the effects of
the background term aq in Eq. (15). Thus, the long-standing
open question about whether the specific heat diverges
logarithmically at the 4D Ising model is clarified from the loop
Ising model.

We next explore the FSS of the size of the largest
and second-largest loop clusters Fj, F> in the loop Ising
model, in particular, to examine the form of logarithmic
corrections. Different from the FK clusters, size of loop
clusters are thermal quantities, with the fractal dimension
equal to the thermal exponent y,, as numerically observed
for d > 4 in Ref. [33]. Thus at d = 4, we expect Fi, F, ~
L?, accompanied by multiplicative logarithmic corrections.
To find the form of logarithmic corrections, again we plot
the rescaled largest loop cluster size F, := F;/L* versus
InL/Ly in Fig. 3(bl) with Ly fixed at 0.59. Except for the
small systems which suffer strong finite-size effect, data
with large system collapse nicely on the dashed line with
slope 1/6. Thus, asymptotically, our data support the scal-
ing F; ~ L?>(In L/Ly)"/®. To further confirm, we also plot in
Fig. 3(b2) the £ versus InL; in this way, the uncertainty
from fixing the constant Ly is removed. The clear linear re-
lation demonstrates that F; ~ L?*(a; InL + a,)'/°. Thus, our
data strongly suggest that F; ~ LY (In L)" with $, = 1/6. We
note that, in comparison with the specific heat cg, the back-
ground term ag in F; ~ ap + ale[ln(L/Lo)]l/6 plays a less
important role.

For the size of the second-largest loop cluster F,, by
the same analysis, our data show that F, exhibits the same
power-law scaling as F, i.e., F, ~ L?, but the effect of the log-
arithmic corrections is too weak to be numerically detected.

141 (al) Log-log Plot (a2) Linear Plot 125
o 11 115 "
S Q
slope 1/3 —
0.8 P 1 0.5
' (b1) Log-log Plot (b2) Linear Plot 0.8
0.9
0.8 0.5 o
0.7 slope 1/6 —
' ‘ I ‘ ‘ 402
1 2 3 4 5 2 3 4 5
In L/L InL

FIG. 3. Plots to demonstrate that the variance of the number of loop bonds scales as ¢; ~ (In L)>", and the size of the largest loop cluster
scales as F| ~ L*(In L), where $; = 1/6. (al) Log-log plot of ¢;, which is proportional to the specific heat c;, versus In L/Ly with Ly, = 1.44.
The data collapse onto a dashed line with slope 1/3. (a2) Plot of ¢} versus InL. The linear relation further confirms the aforementioned
scaling for c5. (b1) Log-log plot of Fj := F, /L? versus In L/L, with L, fixed at 0.59. (b2) Plot of F{® versus In L. These two plots support the

aforementioned scaling for Fj.
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IV. CONCLUSION

In this work, we carry out a systematic study on the log-
arithmic corrections in the finite-size scaling (FSS) of the
four-dimensional (4D) Ising model under two geometric rep-
resentations, i.e., the Fortuin-Kasteleyn (FK) random-cluster
and the loop representations. The study of the 4D Ising model
is significant due to its connection to the O(n) model, the
scalar sector of the standard model, and its relevance in var-
ious condensed-matter systems, where logarithmic correction
behaviors are expected to manifest at the three-dimensional
quantum critical point (QCP) [42-44].

In both the FK Ising and loop Ising models, our data
indicate that the finite-size scaling (FSS) of the critical suscep-
tibility aligns with the expected scaling y ~ L%~ (In L)*",
where y, =3 and §, = 1/4. This excellent consistency
validates the effectiveness of our numerical simulation, sug-
gesting that the deviation between the coupling we simulated
at and the genuine critical coupling has a negligible im-
pact on our results. Moreover, in the FK Ising model, our
data suggest that the size of the largest FK cluster scales
as C; ~L(InL)", and the size of the second-largest cluster
scales as C, ~ L*(In L)’ with $,, = —1/4 a new correc-
tion exponent which has no theoretical prediction. In the
loop Ising model, the specific heat is observed to scale as
ce ~ ap + ai[In(L/Ly)]%" with ¥, = 1/6, which numerically
confirm the logarithmic divergence of the critical specific heat
of the 4D Ising model. For the size of the largest loop cluster,
our data suggest F; ~ L (In L) with §, = 1/6.

We finally provide a simple explanation for why the log-
arithmic divergence of the specific heat is much easier to
be numerically observed in the loop Ising model. From the

conjectured FSS ansatz (10), the predicted FSS for the specific
heat can be written as in Eq. (15), in which the constant
ap is the background term and the a; term corresponds to
the modified CG term. If a( is comparable to a; and Ly is
unknown, then it is hard to numerically extract the value of
the exponent y, from the data. But in the loop Ising model,
our data show that the background term in cy is very small,
so the logarithmic correction can be easily extracted using
Fig. 3(a2). Once the logarithmic correction is determined
for cg, the scaling of the specific heat follows directly from
Eq. (14). More convincing evidence can be seen from the size
of the largest loop cluster Fj. As proposed in Ref. [33], the
FSS of F completely follows the CG asymptotics for d > d..
If this picture also holds at d = d,, then at d, it follows from
Eq. (10) that F; ~ ag + a; L’ [In(L/Ly)}", without the effect
from the GFP term. Thus, if we study the ratio F,/L”, then
in comparison with the logarithmic term, the background ag
term becomes subdominant with order L™ . In cg, the effect
of the background to the logarithmic term is also subdominant
but of order (In L)’ﬁ', much larger than L. In other words,
in Fj, the background term has much weaker effect to the
estimate of the exponent j;, and thus the result from Fj is more
convincing.
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